In this document, we present a review on an alternative NLO subtraction scheme, based on the splitting kernels of an improved parton shower that promises to facilitate the inclusion of higher order corrections into Monte Carlo event generators. We give expressions for the scheme for massless emitters, and point to work on the extension for massive cases. As an example, we show results for the C parameter of the process e + e − → 3 jets at NLO which have recently been published as a verification of this scheme. We equally provide analytic expressions for integrated counterterms that have not been presented in previous work, and comment on the possibility of analytic approximations for the remaining numerical integrals.
Introduction
With the successful start of the LHC, particle physics has entered an exciting era, where the recent discovery of a Higgs Boson [1, 2] is hopefully only one achieved milestone. An indispensable ingredient in LHC physics analyses is the understanding of Standard Model (SM) processes to high accuracy on a fully differential level. Appropriate tools for such predictions are Monte Carlo event generators including higher order contributions. The second ingredient towards a full next-to-leading order (NLO) description, i.e. the combination of parton level NLO calculations with parton showers, is equally well-understood and implemented in many current tools [3] . The implementation of NLO calculations into numerical tools exhibits a caveat stemming from the infrared divergence of real and virtual NLO contributions, which originate from different phase spaces: although in the sum of all contributions, the infinite parts exactly cancel, the behavior of the divergence needs to be parametrized, e.g. by infinitesimal regulators. The implementation of such regulators into numerical codes can result in large unphysical numerical uncertainties. A way to circumvent this problem is the introduction of subtraction schemes, which efficiently reshuffle the divergent terms such that a numerically stable evaluation becomes possible for both Born-type and real-emission kinematics contributions.
We here review such a subtraction scheme first presented in Refs. [4, 5] , which is based on the splitting kernels of an improved parton shower proposal [6] [7] [8] , and therefore referred to as Nagy-Soper (NS) scheme in the following. We give the generic setup of the scheme as well as its differences with respect to other subtraction schemes [9, 10] , and comment on possible further development and improvements. This manuscript is organized as follows: In Section 2, we will briefly discuss important features in the setup of subtraction schemes. In Section 3, we discuss the properties of our scheme, including possible further improvements. We report on the current status in Section 4 and summarize in Section 5.
Subtraction Schemes
Higher order subtraction schemes make use of factorization of the real-emission matrix element in the soft or collinear limits, where it can be decomposed according to [11] [12] [13] 
where D ℓ are the dipoles containing the respective singularity structure, and the symbol ⊗ denotes a correct convolution in color, spin, and flavor space.p/ p denote momenta in (m + 1)/ m-parton phase space, respectively. One can then define subtracted contributions according to
where
and where d P S indicates the integration over the respective phase space, including all symmetry and flux factors. Here, dσ B , dσ V , dσ R denote the Born-type, virtual contribution and real-emission parts of the calculation, while real-emission subtraction terms are summarized as dσ A . Furthermore, as |M m+1 | 2 and |M m | 2 live in different phase spaces, a mapping of their momenta via a mapping function needs to be introduced. The subtraction term D ℓ and its one-parton integrated counterpart V ℓ are related by
where dξ p is an unresolved one-parton integration measure. The following ingredients are therefore needed in order to define a subtraction scheme: (a) a suitable mapping from (m+1) to m parton phase space which guarantees energy-momentum conservation as well as on-shellness, and (b) an efficient parametrization of the one-parton integration measure dξ p . While the number of reevaluations of the underlying Born matrix element in the real emission subtractions in Eqn. (3) is determined by (a), the complexity of the integrated counterterms depends on (b). Currently, two major schemes for next-to-leading order subtraction are on the market, namely the Catani-Seymour (CS) dipole scheme, first proposed in Ref. [10] (expressions for massive emitters have been published in Ref. [14] ), and the Frixione-Kunszt-Signer (FKS) subtraction proposed in Ref. [9] . Our scheme is characterized by the following ingredients:
1. we use the splitting kernels of an improved parton shower as a basis for the real emission subtraction terms, which promises to facilitate the matching to the improved parton shower, 2. we apply a momentum mapping which leads to an overal scaling behavior ∼ N 2 for a process with N partons in the final state.
The number of matrix element reevaluations is reduced by a factor proportional to the number of final state particles of the process with respect to the CS scheme. While a similar scaling behavior is inherent in the FKS subtraction scheme, we do not need to reparametrize the phase space for each emitter/emitted parton pair. Unfortunately, these advantages of our scheme come with more complex expressions for the integrated counterterms. We will comment on each of these features seperately in more detail below.
3 Nagy-Soper subtraction: Setup and relation to improved parton shower
In this section, we briefly recapitulate the setup of our scheme, with a special focus on the mapping leading to the improved scaling behavior, as well as further treatment of the integrated counterterms and the matching to the parton shower. We use the following conventions:
• four-momenta in the Born-type kinematics are denoted by unhatted quantities p i , while the real emission phase space momenta are denoted by hatted quantitieŝ p i ;
• initial state momenta are denoted p a and p b , where Q = p a + p b and with Q 2 being the center-of-mass energy, with equivalent relations in the real emission phase space;
• generally,p ℓ labels the emitter, withp j being the emitted parton andp k the spectator. Note that we only need to specify spectators in the case of interference term singularities (c.f. the discussion below).
Scheme setup
The scheme discussed here uses the splitting kernels of an improved parton shower [6] [7] [8] as a basis for the subtraction terms, as they exhibit the same behavior in the singular limits. We can therefore write
where we adopt the matrix-element notation introduced in Ref. [6] . Here, | M ℓ ({p,f } m+1 ) and | M({p, f } m ) denote the matrix elements in real emission (m + 1) and Born-type (m) phase space and V ℓ , t ℓ the factorization operators in color and spin space, respectively (explicit forms of the V ℓ 's can be obtained from Ref. [6] ). We first discuss the treatment of the splitting functions in spin space. For fermionic emitters, the splitting functions are diagonal in helicity space; therefore, the real emission subtraction terms are directly given by the spin averaged functions
with v 2 ℓ being defined through the relation
In case of gluonic emitters, the situation is more complicated, as information of the gluon polarization needs to be retained. In addition, if the emitted particle is a gluon, we encounter soft/collinear divergences from interference terms. In our scheme, these are treated using dipole partitioning functions A ℓk , which redistribute the singularities to contributions W
ℓk , where p ℓ , p k take over the kinematic role of the mother parton in the mapping, respectively (this procedure is discussed in detail in Ref. [8] within the framework of the parton shower). The subtraction term is then split into a purely collinear and a soft/collinear part, and we have
where |ν , |ν ′ denote the gluon polarization of the mother parton connected to the Born-type matrix element in Eqn. (5) . W eik ℓℓ , W ℓk are related to the eikonal splitting functions v
While the first part of the right-hand side of Eqn. (7) contains the collinear singularity, where the polarization information needs to be retained, the second part corresponds to the soft and soft/collinear term, where we can again average over initial state spins in the subtraction term. With a specific choice of dipole partitioning functions, the latter is given by
where the spin-averaged eikonal factor has the explicit form
with the transverse projection tensor
for the collinear and
for the interference terms respectively. Within the framework of Monte Carlo event generators, which usually contain the physics information on the amplitude level, the real emission subtraction terms can equally be implemented on such a level. A detailed description on how to implement the dipole partitioning functions in this case can e.g. be found in Ref. [8] . The expressions presented here for the real emission subtraction terms are therefore more tailored for codes working on the squared matrix element level.
Momentum mapping
The specific mapping between the real emission and Born-type kinematic phase spaces for final state emitters is the major cause of the improved scaling behavior. We briefly review it here; for a more detailed discussion, including initial state mappings as well as the relation to the mapping in the corresponding parton shower, we refer the reader to Refs. [4, 5] . For the final state mappings, we have to consider two different cases:
which we distinguish by the parameter a ℓ (P ℓ , Q) =
, where P ℓ =p ℓ +p j .
For a ℓ = 1, we have
with n = (ℓ, j).
For a ℓ = 1, we map the momenta according to
with
The parameter y ℓ , which serves as a virtuality measure of the splitting, is given by
We furthermore introduced
Note that it is the global mapping for all remaining particles in Eqn. (12) that is responsible for the reduced number of Born-type matrix reevaluations needed in our scheme. Furthermore, it is worth to notice that the mappings for a ℓ = 1, a ℓ = 1 correspond to two distinct prescriptions which do not coincide in the limit a ℓ → 1.
Final expression and scaling behavior
In this subsection, we present the expressions needed for the application of our scheme, and discuss the resulting scaling behavior for momentum mappings in the real emission subtraction terms, as well as possible further improvements of the scaling. We start with the expression for a total cross section/observable
where 1 dσ
and the jet functions
J (p m ) exhibit standard properties in the soft or soft/collinear limits, i.e. F 
For the real emission subtraction terms, we have
with the sum over all possible final state emittersp ℓ (the expressions for initial state emitters can readily be obtained from Ref. [4] and will not be repeated here). We then have
where Φ m+1 denotes the flux factor. The δ f ℓ ;f ℓfj functions ensure the existence of the respective splittings in flavor space for the splitting f ℓ →f ℓfj . For a given flavor f ℓ , obviously only terms ∼ D f ℓ ;f ℓfk contribute. Following the previous discussion on the treatment of singularities stemming from soft or soft/collinear interference, the subtraction terms can be split into collinear and interference parts:
where D if (p ℓ ,p j ,p k ) denotes an interference contribution withp k acting as a spectator. The improved scaling behavior in our scheme now stems from the fact that each of the contributions in Eqn. (19) requires exactly one global mapping, i.e. the number of mappings and thereby matrix reevaluations in the real emission subtraction terms behaves like ∼ #(ℓj). Table 3 .3 explicitely lists the number of reevaluations/ mappings needed for a given number of partons in the final state in the CS and NS schemes. While this already sufficiently demonstrates the difference of matrix-element reevaluations needed in these two schemes, this scaling behavior can in principle be improved even further. In Ref. [15] , the authors show that within the MadFKS environment, a constant scaling behavior can be achieved; i.e., for certain types of processes, the number of reevaluations of underlying Born-type matrix elements in the real-emission subtraction terms remains constant. In Ref. [5] , we argue that within our scheme the same constant scaling behavior is possible. In both cases, this follows from the option to partition the real-emission phase space according to Eqn. (6.7) in Ref. [15] 
followed by an evaluation of only non-redundant contributions in the real emission part of the process, here labelled by P FKS . Our choice of dipole partitioning function leads to a unique mapping per non-redundant contribution, therefore in principle allowing for the same constant scaling behavior. A direct implementation of this into a numerical code is in the line of future work.
Subtraction terms and integrated counterterms
Explicit expressions for the subtraction terms D ℓjk as well as the integrated counterterms V ℓk , including the definition of all variables, are readily available from Refs. [4, 5] and will not be repeated here. Instead, we devote this subsection to a more detailed discussion of the leftover finite parts in the integrated counterterms that are currently evaluated numerically. The existance of finite remainders in these terms is a direct consequence of the modified mapping which leads to the improved scaling behavior discussed above. Although this constitutes a slight modification with respect to standard schemes such as CS and FKS, it poses no impediment for the implementation of our scheme.
As an example, we list the expression for the final-final state interference term (Eqn.
(62) in Ref. [5] )
where the integrals I
fin (a ℓ ) (c.f. Eqn. (63) in Ref. [5] ) are up to two-dimensional integrals depending on Lorentz-invariant products of the fourmomenta in real emission phase space. Similar integrals, which depend on maximally three additional integration variables, occur in the case of initial-initial state interference terms. These additional integrations, which can readily be implemented into numerical codes, still denote a non-standard modification with respect to standard subtraction schemes; therefore, we briefly comment on possible approximations of these integrals through analytic functions or grids.
Analytical or numerical approximations of leftover finite integrated counterterms
To start, we want to comment that two of the integrals which have been presented previously are now (partially) available analytically 1 . For the initial-final state interference term (Eqn. (111) in Ref. [4] ), we have
where we have used results from Ref. [16] to obtain the above expression. Along similar lines, the expression for I 
Both expressions have been implemented in the numerical codes that were used to obtain the results presented in Refs. [4, 5] , and we have explicitely verified that using these, we reproduce the published results within per mil accuracy.
We are then left with in total six integrals that call for numerical evaluation:
• I 3 (a ℓ ), I fin (a ℓ ) from the integration of the collinear qqg, ggg splitting functions in the final state
• I fin (z, x) from the integration of the initial-initial interference term
fin (a ℓ ,ã) from integration of the final-final interference term.
We managed to obtain analytic approximations for all integrals which depend on a single input variable by polynomials; the fit functions reproduce the numerical results within O(10 −6 ) accuracy, and we have verified their correctness by reproducing the results in Refs. [4, 5] . We have equally approximated one of the remaining integrals
fin (a ℓ ,ã) via interpolating grids. We therefore expect to present a complete set of analytic approximations for all integrals depending on a single variable as well as grid approximations for the other integrals within the near future [17] . However, we want to emphasize that the evaluation of the real emission contributions is significantly more computationally expensive than the evaluation of the Born-type kinematics contribution, even if the additional finite counterterms are evaluated numerically.
Combination with the shower
In this subsection, we want to comment on an additional possible advantage of our scheme, i.e. the mapping of a NLO calculation at parton level with the improved parton shower suggested in Refs. [6] [7] [8] . We will briefly review the reasoning why this should indeed pose a possible improvement with respect to matching with a shower that uses different splitting kernels. In a standard parton shower, the further splittings of the partons which participate in the hard interaction are typically described on a classical level, with interferences only taken into account approximately via angular ordering, while spin and subleading color contributions are neglected. In Ref. [6] , a new shower algorithm has therefore been proposed which promises to include all these subleading contributions and equally describes the splitting on a full quantum-mechanical level. Agreement of this shower with classical descriptions in the classical limit has been proven in Ref. [7] . Although an implementation of this shower is underway [18] , it has not yet made its way into one of the publically available Monte Carlo event generators 2 . Nevertheless, we here briefly review the advantages that are incorporated in matching a parton-level NLO calculation employing a specific subtraction scheme with a parton shower using exactly the same splitting functions. In this, we largely follow the arguments and notations presented in Ref. [20] . For the inclusion of a suitable matching between NLO corrected hard processes and a parton shower, one can symbolically write for the total NLO cross section
Here, B(Φ B ), V (Φ B ), I (S) (Φ B ) denote the Born, virtual, and integrated counter-term contribution to the parton-level NLO cross section, while R(Φ R ) and D (S) (Φ B , Φ 1 ) are the real emission contribution and subtraction terms. Φ B , Φ R , Φ 1 refer to the Born, real emission and one-particle phase space, respectively. The correct matching to the parton shower then follows from the use of the modified Sudhakov form factor ∆(t, t ′ ), where the convolution in Eqn. (22) guarantees a correct NLO description throughout the whole real emission phase space. The differences between the Powheg [21, 22] and MC@NLO [23] methods as discussed in Ref. [20] then basically stem from the choice of D(Φ B , Φ 1 ), which determines the weight in the matrix-element correction procedure. We here do not want to comment on differences or (dis)advantages of any of the above schemes, but rather point to the fact that choosing D(Φ B Φ 1 ) = D (S) (Φ B , Φ 1 ), the additional integration in the modified Born contribution B(Φ B , Φ 1 ) becomes trivial. This is the choice labelled "MC@NLO" in Ref. [20] , and details on the implementation for the case of CS subtraction terms can be found in Refs. [20, 24] . We currently see this as the major advantage of using the same splitting kernels in the subtraction scheme and the shower 3 .
4 Current status
Massless emitters
The massless scheme including all real emission and integrated counterterms has been presented in Refs. [4, 5] , where we equally give detailed calculations for several standard processes. Explicit NLO QCD results are provided for single W production, e + e − → (2, 3) jets, H → g g and g g → H, and e q → e q. As an example, we here show the results for the C parameter in the process e + e − → 3 jets, which have originally been presented in Ref. [5] . For this, we have the leading order contribution e + e − →g, virtual corrections, as well as real emission processes
The NLO QCD results for this process have first been presented in Refs. [25] [26] [27] [28] , and the respective expressions for the virtual corrections can be found therein. We want to emphasize that already for this quite simple process, the above real emission contributions call for (8 + 10) matrix element reevaluations per phase space point in the CS and (4 + 5) reevaluations in our scheme, respectively 4 . We display our results in terms of the C distribution [25] 
which fulfills all requirements of a jet observable and is infrared finite on the integration level [29] . Figure 1 shows that we reproduce the literature result, numerically obtained from Ref.
[30], as well as agreement between implementations of both schemes (results in terms of distinct color subsets, where the actual per mil-level agreement becomes apparent, are displayed in Fig 3 of Ref. [5] ). We want to point out that this is indeed a non-trivial statement, as the differences between the two schemes for both subtracted real emission as well as virtual contributions are sizeable; therefore, agreement between the two schemes on the per mil level as presented in Ref. [5] constitutes a non-trivial validation of our scheme.
Massive emitters
For massive emitters, the collinear singularities are generically regulated by the mass of the emitter, and therefore the pole structure is reduced to single poles ∼ ε −1 in this case. On the other hand, the parametrization of the integration measure as well as the respective mappings are more involved. In addition, splitting functions are no longer invariant under q ←→q, which in principle calls for evaluation of five additional contributions. Details on these features in the case of massive emitters become already apparent in the discussion of the parton shower in Ref. [6] , which has been formulated including full mass-dependence. Obviously, all advantages of the massless scheme, especially regarding the improved scaling behavior and the matching to the parton shower, persist. We here want to point to current work undergoing within the Helac-NLO framework [31] to include this scheme in a completely automatized way, c.f. Ref. [32] . However, the authors have not yet published analytic expressions in the massive scheme; to our understanding, this is still work in progress.
Summary
In this review, we have discussed the current status of an alternative NLO subtraction scheme for QCD calculations, which uses the splitting functions of an improved parton shower as subtraction kernels. We have revised the setup, and especially the features leading to an improved scaling behavior of our scheme with respect to one of the standard subtraction proposals. We equally pointed to possible further improvements of this scaling behavior, using symmetries of specific processes which have first been largely investigated within the MadFKS framework. We also list reasons why our scheme should in principle account for an improvement in the matching of NLO calculations with a parton shower using splitting functions which correspond to the subtraction kernels. We have given examples of the scheme for a process with massless emitters, namely e + e − → 3 jets, and pointed to an automatized implementation which also contains subtraction terms for massive emitters. Apart from these more general features, we have focussed in slightly more detail on the only feature of the massless scheme which might be considered as a drawback, i.e. the fact that some remainders of the integrated subtraction terms are currently not available in an analytic format. We discussed prospects of evaluating these remaining terms analytically or approximating them by polynomials or two-dimensional grids, where we have pointed to current ongoing work in this direction. Summarizing, we regard the scheme discussed here as a viable alternative to both CS and FKS subtraction. Our scheme exhibits a smaller number of subtraction terms with respect to CS, and does not call for a reparametrization of the phase space for each emitter/emitted parton pair, as needed in the FKS scheme. While currently not yet automatized in a publicly available code, we believe that this direction is worthwhile to investigate, and hope results on this will appear in the near future.
